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Abstract

The explicit secular equations for Rayleigh waves are important for evaluating the

dependence of the wave velocity on material parameters and to determine material

parameters from measured values of wave velocity. Usually, in the case of Rayleigh

waves, it is always used that the half-spaces are free of traction. But in the field of

physics particularly acoustic and electromagnetism, it is common to use impedance

boundary conditions. We have derived the secular equation of Rayleigh waves

propagating in an orthotropic prestressed elastic half-space with surface is subjected to

the impedance boundary conditions.

Introduction

The explicit secular equations for Rayleigh waves are important for evaluating the

dependence of the wave velocity on material parameters and to determine material

parameters from measured values of wave velocity. Usually, in the case of Rayleigh

waves, it is always used that the half-spaces are free of traction. But in the field of

physics particularly acoustic and electromagnetism, it is common to use impedance

boundary conditions. It is a linear combination of the unknown function and their

derivatives on the boundary. Many researchers have been studying, the effect of thin
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layer on the half-space by the effective boundary conditions like Achenbach and

Keshava (1967), Steigmann and Ogden (2007) and Vinh et al. (2014).

Vinh and Hue (2014) derived explicit secular equations of Rayleigh waves in orthotropic

half-space using the traditional method. This equation coincides with the secular

equation of Rayleigh waves with the secular equation of Rayleigh waves with traction

free boundary conditions.

In this chapter, the propagation of Rayleigh waves in anisotropic elastic prestressed

half-space subjected impedance boundary conditions is investigated. For orthotropic

case, the secular equation is derived by using simple method. From this equation, a

new secular equation of the wave is obtained for the isotropic case.

Basic Equations

Consider a prestressed medium which occupies the domain 0y  . The material is either

isotropic in finite strain or anisotropic with orthotropic symmetry. The principal

directions of prestress are choosen to coincide with the direction of elastic symmetry

and the co-ordinate axes. Here we are interested in the plane strain such that

   , , , , , , 0u u x y t v v x y t w   where t is time. The state of initial stress is therefore

defined by principal components 11 22 33,S S S . It is also assumed that 11S and 22S are

constant. The general equations of motion for prestressed solid in the absence of

external forces is given by Biot (1965).

, , , , ,ij j jk ik j ik jk j jk ik j i tts S S e S u      , (1)

where  is the density, iu are the displacement components and, i indicates

differentiation with respect to ix . The incremental stresses ijs are assumed to be
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linearly related to the incremental strains ije through the incremental elastic

coefficients 1,ijB Q and 2Q .

 11 11 12x y zs B u B v w   ,

 22 12 22 23x y zs B P u B v B w    ,

 33 12 23 22x y zs B P u B v B w    , (2)

 12 2 y xs Q u v  ,

 13 2 z xs Q u w  ,

 23 1 y zs Q w v  .

where, it is assume that 22 33 11,S S S and 33S are constants.

   1 2 3, , , ,x y z x x x ,

   1 2 3, , , ,u v w u u u ,

 , ,
1
2ij i j j ie u u  , (3)

 , ,
1
2ij i j j iu u   ,

, ,, ,i i
i j i t x

j

u u uu u u
x t x
  

  
  

, etc.,

33 11P S S  ,

and

   11 11 222 1 2B        ,

   22 112 1B      , (4)

 12 22 111B S    ,

 22 11 331B S    ,
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   1 22 11
1 2
2

Q           ,

     2 11 22 22
1 1 2
2 2

Q              .

Further ,  are Lame’s constant and ij are the incremental strains,  and ij ijs  are

related by Hooke’s Law.

2ij kk ij ijs     (5)

Here it is assumed that material properties and initial stress components are varying

as

0 0 0, ,az az aze e e        and 0 0
11 11 22 22,az azS S e S S e  ,

 0 0
33 33 , 0az azS S e P P e a   . (6)

Then the incremental elastic coefficients becomes

0 0 0 0
11 11 22 22 12 12 23 23, , ,az az az azB B e B B e B B e B B e    (7)

0 0 0 0 0
1 1 2 2 33 11, ,az azQ Q e Q Q e P S S    .

where  0 0 0 0 0 0
11 22 12 23 1 2, , , , ,B B B B Q Q and  0 0

11 33,S S are elastic coefficients and initial

stresses in homogeneous orthotropic prestressed medium. 0 0 0, ,   are Lame’s

constants and density of material at the free surface.

Using Eqs. (2), (3), (6) and (7) in Eq.(1), we get

2 0 2 0 2 0 2
0 0 0 0 0 0
11 12 2 12 2 22 22 2 2

u P w P v P uB B Q B Q Q
x x z x y y

        
                      

0 2 0 0 2
0 0 0 0
2 2 22 22 2 2

P u P u P w uQ a Q a Q
z z x t


        

                   
,

0 2 0 2 2
0 0 0 0
12 2 2 222 22 2

P u P v vB Q Q B
x y x y

     
             

 
2 2 2

0 0 0 0 0 0
23 1 1 1 12 2

w v w v vB Q Q aQ aQ
y z z y z t

    
    

     
, (8)
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0 2 0 2 2 2

0 0 0 0 0 0
2 12 2 1 23 12 22 2

P w P u w vQ B Q Q B Q
x x z y y z

      
                 

 
2 2

0 0 0 0 0 0
22 12 23 222 2

w u v w wB a B P aB aB
z x y z t

    
     

    
.

The incremental elastic constants satisfy the inequalities.

0, 0, 1,2iiQ B i   and 2
11 23 12 0B B B  (9)

which are necessary and sufficient conditions for the strain energy to be positive

definite. In the absence of body force, the equations of motion for incremental

deformation are given as (Eq. 8) putting a = 0;

2 2 2 2

11 3 12 2 2

u v u uB A A
x x y y t

   
  

    
,

2 2 2 2

22 3 12 2 2

v u v vB A A
y x y x t

   
  

    
, (10)

where,

0 0
0 0

1 2,
2 2
P PA Q A Q   

0
0 0

3 12 2
PA B Q   . (11)

If the medium is isotropic elastic homogeneous solid and the first order theory of

classical elasticity is assumed then it may be shown that (Biot, pp. 111-112)

0 0 0 0 0 0 0 0 0 0
11 22 12 1 2 32 , , , ,B B B Q A A A               (12)

We consider the propagation of a Rayleigh wave travelling with velocity  0RC  and

wave number  0K  in the x-direction and decaying in the y-direction, i.e.

u and 0v  as y   (13)

Boundary Conditions

We assume, the surface y = 0 is subjected to impedance boundary conditions such that
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1 2 20, 0x yf z u f z z v       at y = 0, (14)

where, xf and yf are incremental forces given by (Biot, p-4) as

12 22 11x z xyf s S S e    ,

22 22y xxf s S e   , (15)

where, ,xy xxe e are incremental strains and ,x z  are the incremental rotation

component parallel to xy-plane. Explicit expressions for these quantities in terms of u

and v are (Biot p-321)

1 1, ,
2 2xx xy z

u u v v ue e
x y x x y


       

              
(16)

and kc  is the wave circular frequency,  1 2,z z R is impedance parameters whose

dimension is of stress per velocity.

Let the solution of Eqs. (10) in displacements form as

 Rik C t x qky
ru U e    ,

 Rik C t x qky
rv V e    (17)

where, rU and rV are the amplitude factors and q is assumed to be real and positive.

rU and rV are functions of y also. Using Eq. (17) in Eq. (10), we get

 2 2
11 1 3 0R r rC B A q U iqA W    

 2 2
3 22 2 0r R riqA U C q B A W    (18)

On simplification, we get

    4 2 2 2 2
22 1 3 22 11 1 2R Rq B A A C C B A C A q     

   2 2
11 66 0R RC C C C     (19)

It is quadratic equation in 2q . Let 2
1q and 2

2q are two values of Eq. (19) and
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    2 2 2
3 22 11 1 4 22 2

1 2 1
22 1

RA C C B A C A
q q S

B A

    
    . (20)

and

   2 2
11 662 2

1 2 1
22 1

R RC C C C
q q P

B A
  

  .

From first and second member of Eq. (18), we get

2 2
1 3 11 1

2 2
22 2 3

rk R i
k k

rk R i i

V q A B C A qi i im M
U C q B A q A




    
          

(21)

where

2 2
3 11 1

2 2
22 2 3

, 1,2,...k R k
k

R k k

q A B C A qm k
C q B A q A




 
  

 

Then Eq. (17) becomes

   21

1 2

Rik x C tq kyq ky
r ru U e U e e  

   21

1 21 2
Rik x C tq kyq ky

r rv M U e M U e e   (A)

It is not difficult to verify from second member of Eq. (20) that if a Rayleigh wave exist

then

 2
1 220 min ,RC A B  (22)

and

1 2 1 1 2 1, 2q q P q q S P    (23)

Substituting Eq. (A) into Eq. (15) yields

12 1 1 12 2 R r
P RQ q m Q C z U           

    

22 2 12 2 R r
P RQ q m Q C z U            

    
= 0

  
212 11 1 22 1 1 2 rB S m B q m cz U  
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212 11 2 22 2 2 2 0rB S m B q m cz U     (24)

Since
2 1

2 2 0r rU U  , the determinate of the system Eq. (24) must vanish. This yields

   

1 1 1 2 2 1

12 11 1 1 22 1 2 12 11 2 2 22 2 2

2 2 2 2 0R R

R R

P R P RQ q m Q C z Q q m Q C z

B S m q B mC z B S m q B m z C

                             
     

(25)

or

  1
2 1 1 12 11 22 2 2 2 22 2 R

zP RQ q m Q i B S B m q C z m
k
              

    

  2 2 1 12 11 1 1 22 1 2 0
2 2 R R
P RQ q m Q C z B S m q B mC z                

    

(26)

This is the secular equation of Rayleigh waves propagating in an orthotropic

prestressed elastic half-space with surface is subjected to the impedance boundary

conditions.

Particular Cases

Case 1: For unstressed homogeneous orthotropic elastic half-space with surface is

subjected to the impedance boundary conditions.

Put 11 330 0P R S S     in Eq. (26)

   1
1 1 12 2 2 22 2 2

R
R

C zq m B m q B m z C
Q

 
    

 

   1
2 2 12 1 1 22 1 2 0R

R
C zq m B m q B mC z
Q

 
      
 

(27)
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Put
2

2
22

2

,RC Qx C
C 

  is squared dimensionless velocity of Rayleigh waves,

, 1,2n
n

Z R n
PQ

    are dimensionless impedance parameters. Then Eqs. (27)

becomes

   1 1 1 2 2 12 2 2 22x q m m x B m q B    

   1 2 2 2 1 12 1 1 22 0x q m m x B m q B       (28)

Put 2211
1 2, BBe e

Q Q
  and 12

3
Be
Q

 are dimensionless material parameters

   1 1 1 2 2 3 2 2 2x q m m x e m q e    

   1 2 2 2 1 3 1 1 2x q m m x e m q e      = 0

On simplification, we get

       1 2 3 2 1 2 2 1 3 2 1 2 2 1x e e q q m m e e mm q q       

   1 2 2 2 1 1 2 2 1 1 2 0e m q m q x m q m q x      (29)

That is the dimensionless equation of Rayleigh waves derived by Vinh and Hue (2014).

Dimensionless material parameters also satisfy the following condition like elastic

constants as

1 20, 0e e  and 2
1 2 3 0e e e  . (30)

We can solve the following inequalities

   1 1 2
2 1 2 1

3 1 21
e x q qm m q q
e q q
 

   


,

1
2 1

2 1 2

e xm m
e q q


 , (31)

   1
1

2

1e x x
P

e
 

 and    22 1 3
1

2

1 1e e x x e
S

e
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Case II: Taking 1 2 0   in Eq. (29), we get

       1 2 12 2 2 22 2 2 12 1 1 22 0q m B m q B q m B m q B      (32)

On simplification and using Eq. (31)

1 12 1 12 1 2 2 22 1 2 2 22 2 12 2 12q B m B q q m B mm q B q B m B    

1 2 1 22 1 2 1 22 0q q m B mm q B  

       1 2 12 1 2 12 1 2 1 2 22 1 2 1 2 22 0q q B m m B q q m m B mm q q B       

       1 2 12 1 2 22 12 1 2 22 1 2 0q q B mm B B q q B m m     

         1 1 2
2 1 12 1 2 22 12 1 2 22 2 1

3 1 2

0
1

e x q qq q B m m B B q q B q q
e q q

  
        

     
 

12 1 2 22 1 1 2
12 1 2 22

3 1 2

0
1

B q q B e x q q
B mm B

e q q
  

  


       1 2
3 1 2 12 12 1 2 22 1 1 2

2 1 2

1 0
e x e

e q q B B q q B e x q q
e q q
 

       
 

       3 2 1 2 12 1 2 3 1 2 2 1 1 21 0e e q q B e x e e q q e e x q q       

        3 2 3 1 2 2 1 2 3 1 2 2 1 1 21 0e e e q q e e x e e q q e e x q q       

        2
2 3 3 2 3 2 1 1 2 3 1 21 1e e e e e e e x q q e e x e      

  2 2 2
2 3 1 2 1 2 0e e e x e q q   

      2 2 2
2 3 2 3 2 3 2 1 2 1 3 2 3 21 0e e e e e e e e x P e e x e e e e P         

           12
2 3 1 2 2 1 2 2 1

2

1
1 0

x e x
e e e e e x e x e e x e x

e
 

       

          12
2 3 1 2 2 2 1

2

1
1 1 0

x e x
e e e e e x e e x x

e
 

      

       12
2 3 1 2 2 1

2

1
0

x e x
e e e e e x e x x

e
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       12
3 1 2 2 1

2

1
0

x e x
e e e e x e x x

e
 

     (33)

It is equivalent to the secular equation given by Chandwick (1976).

Case III: When the elastic half-space is isotropic i.e.

0 0 0
11 22 122 ,B B B      and 0 0,Q   and 0 are Lame’s constants as given in Eq.

(12).

From Eqs. (19) and (21), we get

1 1 2
2

1,m q m
q

 

where 1q and 2q are

1 1q rx  and 2 1q x  , where
0

0
0 02

r 
 




Putting 1 2 30 0

1 1, 2e e e
r r

    and the values of 2 1m m and 1 2mm from Eq. (31), we

get

   2
1 22 4 1 1 1 1x x rx x x x rx        

 1 2 1 1 1 0x x rx      (34)

It coincides with the results of Godo et al. (2012) and Malischewsky (1987).

Again the value of 1 22 1 1S P q q rx x       for the isotropic elastic half-

spaces. The Eq. (21) becomes

     0 0 0 0
1 2 1 21 1 4 1 1 1x r x x r r x x r x            

       0 0 0
1 2 1 21 1 1 1 1 0r x x x x r x x r x              

(35)

Eq. (35) is dimensionless secular equation of Rayleigh waves propagating in an

isotropic elastic half-space subjected to the impedance boundary conditions.
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Put 2 0  , Eq. (34), on simplification, we get

 2 0
12 4 1 1 1 0x x r x x x x       .

Conclusions

The secular equations of Rayleigh waves in prestressed orthotropic half-space are

derived under impedance boundary conditions. The secular equations obtained

containing impedance parameters and initial stresses also. The secular equation of the

Rayleigh waves for the isotropic case is deduced from prestressed orthotropic media

that is identical to Eq. (9) (Godoy et al., 2012).
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